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\0 • Abstract 
<N 

We study the multiplicative convolution for c-monotone independence. This convolution 
unifies the monotone, Boolean and orthogonal multiplicative convolutions. We characterize 
convolution semigroups for the c-monotone multiplicative convolution on the unit circle. We 
also prove that an infinitely divisible distribution can always be embedded in a convolution 
semigroup. We furthermore discuss the (non)-uniqueness of such embeddings including the 
monotone case. Finally connections to the multiplicative Boolean convolution are discussed. 
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1 Introduction 

; In non-commutative probability theory, many kinds of independence are known. Among them, 
tensor, free, Boolean and monotone independences [T6l[211|22] are important since they satisfy natural 
properties [18] . Free, Boolean and monotone independences can be unified in terms of conditionally 
^ free (c-free, for simplicity) independence J7J [H] ; free cumulants [22] and Boolean cumulants [21] can 
^ | also be unified by c-free cumulants [7J. Only in the monotone case, however, monotone cumulants 
[T3] cannot be unified by c-free cumulants. To overcome this difficulty, conditionally monotone (c- 
monotone, for simplicity) independence has been introduced in [12], and as a result, orthogonal 
independence [H] turned out to be included in c-free independence and c-monotone independence. 

In this paper we study the multiplicative convolution associated to c-monotone independence. 
While c-monotone cumulants cannot be unified by c-free cumulants, the complex analytic charac- 
terization of the additive c-monotone convolution follows from the additive c-free convolution. This 
situation is the same for multiplicative convolutions: we show a complex analytic characterization of 
the multiplicative c-monotone convolution by using a result of the c-free case. Then we characterize 
infinitely divisible distributions. These results can be seen as a generalization of results of papers 

lanDi. 
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Multiplicative convolutions sometimes cause problems which do not appear in additive convo- 
lutions. For instance, while the monotone and orthogonal convolutions preserve the probability 
measures on [0, oo), the Boolean convolution does not [3J HI EH EE] • Another instance is the fact that 
a probability measure on the unit circle is not always infinitely divisible with respect to the Boolean 
convolution [10J. This makes it difficult to define a multiplicative analogue of t-transformation, an 
additive version of which was first introduced in [8] to deform the additive free convolution. The 
latter problem will be understood more in this paper. 

Let us explain the main contents of each section. Section [5] is devoted to relations among kinds 
of multiplicative convolutions in a unified way in terms of c-free convolutions. In Section [3] we 
characterize multiplicative c-monotone convolutions by using generating functions for the c-free con- 
volution. In Section H] we prove that there exists a one-to-one correspondence between a c-monotone 
convolution semigroup and a pair of analytic vector fields. In Section [5] we prove an embedding of 
an infinitely divisible distribution into a convolution semigroup. The proof uses results on monotone 
convolutions of [3] . We discuss uniqueness and non-uniqueness of such embeddings. We then discuss 
a multiplicative version of t-transformation coming from multiplicative Boolean convolutions. 

Notation and necessary concepts are provided below. An algebraic probability space is a pair 
(A, (p) of a unital algebra A and a linear functional (p. X e A is called a random variable. We 
always assume that a linear functional preserves the unit. If we consider probability distributions 
of random variables, then positivity is needed in (A,(p), so that we assume that A is a *- (or C*-) 
algebra and (p is a state. If two linear functionals ip>, ip are provided in the same algebra, we also call 
a triple (.4, ip,ip) an algebraic probability space. 

We define two independences which are in particular important in this article. C-monotone 
independence was introduced in [T2] . 

Definition 1.1. Let (A,ip,tp) be an algebraic probability space; let / be a linearly ordered set. We 
consider sublagebras {Ai}i E i, each of which does not contain the unit of A. Ai are said to be c- 
monotone independent if the following properties are satisfied for all elements X k e Ai k and indices 
ii, ■ ■ ■ ,in,n> 1: 

(1) <p(Xx ■ ■ ■ X n ) = (p(Xi)(p(X 2 ■ ■ ■ X n ) whenever i x > i 2 ; 

(2) ip(Xi ■ ■ ■ X n ) = <p(X l ■ ■ ■ X n _i)(p(X n ) whenever i n > i n _i; 



(3) ip{Xt ■■■X n ) = (cp(Xj)—ip(Xj))cp(Xi ■ ■ ■ X j . 1 )i P {X j+1 ■ ■ ■ X n )+1>{Xj)<p(Xi ■ ■ • Xj-iXj+i ■■■Xn) 



whenever j satisfies < ij > and 2 < j < n — 1; 

(4) Ai are monotone independent with respect to ip. 

Monotone independence was defined in [16] (see also [IT]). We however note that the above 
properties (l)-(3) become monotone independence with respect to if) in the special case ip = ip. 

C-monotone independence was defined for subalgebras; however independence for random vari- 
ables {Xi} can also be defined if we consider the subalgebra Ai generated by Xi without the unit of 



C-free independence was introduced in [6] and further studied in [7] . For later use, we also define 
a c-free product of algebraic probability spaces. 

Definition 1.2. (1) Let I be an index set and let (Ai,ipi,ipi) be algebraic probability spaces. The 
c-free product (A,ip,if)) = *i e i(Ai,ipi,i[)i) is defined as follows. A := *ieiAi is the free product with 
identification of units and ip := *i^iipi be the free product of linear functionals. <p> is defined by the 
following rule: if Xk € Ai k with %\ ^ ■ ■ ■ ^ i n and ipi k (Xk) = for all 1 < k < n, then 



A. 



n 





k=l 
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If \I\ = 2, we denote the c-free product as (<px,i>i) * (^2,^2) = (Vi^i*^^, ipi * ^2), omitting the 
algebras for simplicity. 

(2) Let (A,<p,i/j) be an algebraic probability space. Subalgebras {Ai}i & i are said to be c-free inde- 
pendent if they are free independent with respect to ip and satisfy the following property: 

n 

<p{X 1 ---X n ) = Y[<p(X k ) (1.2) 

fc=i 

whenever £ Ai h with %\ ^ ■ ■ ■ 7^ i n and il>(Xk) = for all 1 < k < n. 

Let (A, ip, ip) be an algebraic probability space and C[x] be the algebra generated by an inde- 
terminate x. A distribution is a linear functional or sometimes a pair of linear functionals on the 
algebra C[x\. A distribution of X £ A is a single distribution fix or ux, or sometimes a pair of dis- 
tributions (nxiV X ) on <C[x] defined by fix(% n ) = <p(X n ) and z/x(x n ) = ?/>(X n ). Without mentioning 
explicitly, we hereafter assume that the symbols fi and v denote distributions corresponding to (p 
and ijj, respectively. If X is unitary and selfadjoint in a C*-algebra with a state, we can respectively 
identify {[ix-, Ux) with a pair of probability measures on T and on K.. 

A multiplicative c-free convolution of probability measures has been introduced and investigated 
in [20]. If X and Y are c-free independent, the distribution (hxy, v xy) only depends on the distri- 
butions {[ixi v x) an d (/iy, vy) on C[x], not on a specific choice of an algebraic probability space or 
random variables. Therefore, we call (^xy,^xy) a multiplicative c-free convolution of (fi X ,v x ) and 
(/zy, z/y). We use the notation (/j X y, vxy) = (/ix^^W yUy, vx ^ vy) = (/-Of, v x ) K c (/iy, z^y) for the 
multiplicative c-free convolution as a binary operation. Forgetting the random variables X and Y, 
we can formulate the multiplicative c-free convolution (fix, z/i) Kl c (yU 2 , ^2) of two pairs of distributions 

Let (/i, z/) be a pair of distributions on C[x]. We consider generating functions in the sense of 
formal power series. However, if distributions are bounded in such a way as |/i(x n )| < A n for a 
constant A > 0, then all the generating functions make sense as analytic functions. Let denote 
the Cauchy transform: G^z) = Yl™=o ^+1 ■ We also define rj^z) := 1 — % which plays important 
roles in descriptions of multiplicative convolutions in the free, Boolean, monotone cases. The R- 
transform and c-free i?-transform are then defined from the functional relations 

1 z-R v (G„{z)), (1.3) 



G u (z) 
1 



z-R M (G v {z)). (1.4) 



If we introduce Ru v }(z) := zR^ v ){z) and R^(z) := zR p (z), the relations (11. 3p and (ll.4p are written 
as follows: 

These relations are more convenient than (II. 3p and (ll.4p in this paper. 

We define a c-free T-transform Tr av \(z) := ^^'--fr ; — and a T-transform T v (z) := - f , , . In 
the paper [2D], Wang and Popa proved that the multiplicative c-free convolution is characterized by 

T(Mi,tn)^c(ji2,va) i z ) =T( t i 1 ,vi){z)T( tJ , 2 ,v2){z), (1-7) 
T Vj & U2 {z)=T Vl (z)T V3 (z). (1.8) 
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2 Observations on conditionally free independence and other 
notions of independence 



We unify several multiplicative convolutions in the literature in terms of c-free convolutions. We 
denote the free, Boolean, monotone and orthogonal products by *,o, > and Z, respectively; for 
instance, the reader is referred to [HI HB] for their definitions. We consider algebraic probability 
spaces (Ai,<fii,ipi) and (A%, y?2, ^2)- If Ai admits an algebra homomorphism 5 l : Ai — > C, then Ai 
has a decomposition 

Ai = CI ®A° (2.1) 
with A°i := Ker S i (i = 1, 2). In this case we have the following relations. 

(tp, (f) * (ip, ip) = {(p * ip , ^ * ijj) on Ai * A 2 , (2.2) 

{<p, 6 1 ) * Oj, 5 2 ) = (^oij,5 1 * 5 2 ) on A[ * A° 2 , (2.3) 

(cp, 5 1 ) * V) = {<P > VO on .A° * A 2 , (2.4) 

(p, 5 1 ) * (5 2 , V) = ^) on A\ * A- (2.5) 

The relations (ET2)I . QZ2D were found in [SI E], the relation ([23]) in [9J and the relation Q22J) in [12]. 

In the special case where A\ = C[xi] and Ai = C[x 2 ], we can define a linear functional S 3 C 
(j = 1,2, cGC)by 

:= <•"■ 

We note that 5 J = 5q holds. Then we obtain the following results. 

Proposition 2.1. We denote by ((fi^*^ <f2, "01 * ^2) c-/ree product ((pi,if>i) * (^2, ^2) ■ Let 
A\ = C[x\) and A2 = C[x2\- Let (<pj,ipj) be a pair of linear junctionals on Ay 

(1) x\ — C\ and x 2 — c 2 ore Boolean independent in (A\ * A2, 'Pis 1 *<5 2 ¥2)- 

c l c 2 

(2) X\ — c and X2 are monotone independent in (Ai * A2, fxs 1 *^^)- 

(3) X\— Ci and x 2 — c 2 are orthogonal independent in (Ai * A 2 , Pis**^^ $ci ^ V^)- 

(4) X\ — c and x 2 are c-monotone independent in (A± * A 2 ,ifisi*^ 2 'P2,' l l ! i t> ^2)- 

Proof. If we use the property S J c ((xj — c) n ) — (n > 1), (1), (2) and (3) are equivalent to (12. 3p . (12. 4p 
and (I2.5p . respectively. (4) follows from Theorem 3.6 of [12]. □ 

In the commutative algebra C[x], a linear functional is equivalent to a distribution of x. Then 
we can formulate multiplicative convolutions of distributions on C[x], as explained in the c-free case. 
We re-write the equalities (I2.3p - (l2.5p in terms of the multiplicative c-free convolution of distributions 
by using Proposition 12.11 

(p,6 1 )E c (v,6 1 ) = (ji\8u,6 1 ), (2.6) 
( f jL,6 1 )E c (v 1 v) = (n>v,u), (2.7) 
(ji,5 1 )E e (6i,v) = (jiZ.v,v), (2.8) 

where 1*1, E> and Z respectively denote the Boolean [10], monotone [3] and orthogonal convolutions 
[T5] of distributions. We note that a symbol for a product of states sometimes differs from that for 
a convolution of distributions. 
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In papers [3j H], Bercovici has defined other multiplicative convolutions by supposing X — ip{X) 
and Y — <p(Y) are independent. We denote these convolutions of distributions by E> an d M m the 
monotone and Boolean cases, respectively. These are associative and characterized by the relations 



V/J. t>0 V 



(i) = ""Um 



z ra\{y)z mi(fi)z 



(2.9) 



where m n (fi) is the nth moment /i(x n ). From Proposition l2.lt these convolutions are also written in 
the c-free setting: 



where T c /i is characterized by rj Tc ^(z) = cr]^(z). In addition, if we use a multiplicative c- monotone 
convolution which will be introduced in Definition 13.11 



where S c fx is defined by r]s cl j,(z) = n ^ z > . Therefore, the associative law of Mo is naturally understood 
in terms of E3 C ; we can say that E>o is the multiplicative version of the Fermi convolution [19J. By 
contrast, the associative law of E> cannot be understood in terms of Kl c or [> c . We do not treat this 
problem in this paper. 

3 Multiplicative conditionally monotone convolutions 

A multiplicative convolution for c-monotone independence is defined as follows. 

Definition 3.1. Consider an algebraic probability space (A,ip,ip). Let X, Y be elements of A such 
that X — 1 and Y are c-monotone independent (or equivalently, X — 1 and Y — 1 are c-monotone 
independent). Then a multiplicative c-monotone (or > c - for short) convolution is defined by the 
distribution of XY. 

The reason why we consider not X but X — 1 can be partially understood from Proposition 
12.11 and the relations (I2.6p - fl2.8p . However, it is expected that the reason is more clarified in future 
researches. 

By definition, the left distribution fixY only depends on fix, 1^y, v y- The right distribution 
vxy is the multiplicative monotone convolution. Therefore, we denote them as (fixY, v xy) — 
(fix \>v Y ^Yi v x E> vy) = {^x, v x) E>c(/^y, v y) ■ As is the case for other convolutions, we can only 
consider distributions on C[x], forgetting the random variables X and Y. 

An immediate consequence of Proposition 12.11 is a connection to the c-free convolution. 

Proposition 3.2. For distributions fi\,fi2, v 2 , we have fii \> U2 fi2 = His 1 ^v 2 A^- 

Proposition 13.21 enables us to characterize the c-monotone convolution in terms of analytic func- 
tions used in the c-free case. The result, however, is not trivial. 

Theorem 3.3. For distributions fi\,V2,[i 2 ,V2 on C[x], we have 



{(i,5 

nil 00) Be iy, ) = (jjl W Q u,6 



(2.10) 

(2.11) 



b~m\(p)rn\ (f)) , 



(2.12) 



rj VlPV2 {z) = r] Ul (r] U2 (z)). 




(3.1) 



(3.2) 
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If r\ V2 = 0, for instance ifv?, corresponds to the normalized Haar measure uj on T, \3. 1\) is understood 



to be rj^ Pv2ll2 (z) = ^ M1 (0)r^ 2 (» = ^ x {x)r] t 

If distributions are arising from probability measures on the unit circle, the above relations are 
valid as analytic maps for \z\ < 1. 

Proof. First we assume that the mean z/ 2 (x) is non-zero since we use the inverse function of R V2 
whose coefficient of z is equal to v 2 {x). (13. 2p was proved in [3]. We note that T^s x ){ z ) = "Ir^Mvi+i)- 
Then we have 



Tfa p V2 t J. 2 ,V 2 )( Z ) — ^(/Xl,5l)ia c 0i2,w)(^) 



1 + z ( z \R^ 2 ,u 2 ){R V2 {z)) 



(3.3) 



l \l + zJ R-l 



v 2 yZ) 



Therefore, we have 



>v 2 H2,V2){ R V 2 { Z )) = ~~ TI ^ (YT^j- R (/ i 2^2)(- R l7 2 1 (^))- (3-4) 



V»2 ( W ) 



We define w by the relation R„}(z) = — !iL r ^-. This is equivalent to z — R V A-, — ^-r-\) — , 
Then we have 

Y^ = ^ 2 H- (3-5) 

Combining the equalities (II. 6p . (13. 4p . (13. 5p . we obtain the conclusion. 

Second, we consider the case z/ 2 (x) = 0. We note that the moments of \i\ E>„ 2 /i 2 can be expressed 
in terms of sums and products of moments of /ii,/i 2 ,z/ 2 . Therefore we can approximate 1/2 by a 
sequence n = 1, 2, 3, • • • , so that v^ix) 7^ and converges to u 2 in the sense of moments. 
We let n tend to infinity and then the conclusion follows. This proof includes the case r\ V2 = 0. □ 

This characterization includes E>, Kl and the multiplicative orthogonal convolution Z: these 
convolutions have been characterized in [3], El E] as 

WW = (3-6) 

v,M z ) = -^-> ( 3 - 7 ) 

Vvpv = Vv or 1v (3-8) 

In terms of c-monotone convolutions, the monotone, Boolean and orthogonal convolutions appear 
as follows. 

(ji, f)G> c (/i, u) = (/J,1>v,[i$>u), (3.9) 
(ji,6 1 )> c (v,6i) = (fi\!3v,6i), (3.10) 
(/i, A) > c (5 1 , 1/) = (}xZv,\\>v). (3.11) 



4 Convolution semigroups for multiplicative convolutions 

From this section, we consider distributions coming from probability measures. We respectively 
denote by T and D the unit circle {z e C : \z\ = 1} and the unit disc {z G C : \z\ < 1}. Moreover, 
let V(T) and V(M. + ) be the sets of probability measures on T and M.+, respectively. It is known that 
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the multiplicative monotone convolution and orthogonal convolution preserve "P(R + ) [31 [15]. The 
multiplicative Boolean convolution, however, does not preserve P(1R + ), and hence, the multiplicative 
c-monotone convolution does not, either (see 0] and also [H]). We do not investigate into this 
problem in this paper and we focus on probability measures on V(T) from now on. 
The following characterization is known (see [2]). 

Proposition 4.1. Let i] : D — > C an analytic function. The following conditions are equivalent. 

(1) There exists a probability measure /j G V(T) such that r] = rj^. 

(2) 77(0) = and \rj(z)\ < 1 for all z G D. 

(3) \r](z)\ < \z\ for all z G D. 

We know that (/ii,^) > c (/x 2 , v 2 ) G V(T) x V(T) if (fi u u x ), (/x 2 , u 2 ) G V(T) x V(T), since the 
product of unitary elements is again a unitary. We can also prove this property from Proposition 14.11 
easily. 

The following points are useful to understand this paper. The convolution for right components is 
just a monotone convolution whose properties have been studied in details in the literature (see [31 19] 
and also [5]). We often use such results to prove properties of left components. However, sometimes 
a proof for left components essentially includes a proof for right components if we set the probability 
measures of the left and right components equal. We have met such a situation in Theorem 13.31 the 
proof of Eq. ( 13. ip actually generalizes Eq. (13. 2p . 

We prove a correspondence between a E> c -convolution semigroup and a pair of vector fields. We 
consider a E> c -convolution semigroup {([it, ^t)}t>o with (/j , z/ ) = (Si, 81). If we define F t (z) := 
\ogr]^ t (e z ) and H t (z) := log 77^ (e*) in a suitable domain, we have the relations F t+S (z) = F t (F s (z)) 
and H t+S (z) = H t (F s (z)) — F s (z) + H s (z). Interestingly these relations coincide with the additive 
c-monotone convolution case. However, we need to restrict the domain to define the logarithm and 
Muraki's method in [16J cannot be applied. We give a proof based on Berkson and Porta's result on 
composition semigroups [5]. 

Theorem 4.2. Let U be an open set in C. Let {F t (z)} t >o and {H t (z)}t>o be families of analytic 
maps F t : U —> U , H t : U — > U satisfying F (z) = z, H (z) = z, F t+S (z) = F t (F s (z)) and 
H t+S (z) = H t (F s (z)) — F s (z) + H s (z). We assume that (t,z) F t (z) and (t,z) 1— > H t (z) are both 
continuous on [0, 00) x U. Then there exist analytic vector fields Ai and A 2 in U such that 



for z & U and t G [0, 00). 

Proof. The fact for F t and A 2 is known in [5]. We prove the claim for H t and A\. For any compact 
convex set K C U, there exists a > such that the convex hull of U{F t (K) : t G [0, a]} is a compact 
set in U. We denote the convex hull by K. In this proof, we always use C to mean that there exists 
some constant (dependent on K). Berkson and Porta have proved that 



dt' 
d_ 

dt 



Ai(F t (z)), 



M(F t (z)) 



(4.1) 



(4.2) 



F t (z) -z\< Ct%, zeK, t G [0,1]. 



(4.3) 



We apply the same method to H t . A key equality is the following: 




(4.4) 
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where T is a closed curve around K. The path for the integration with respect to w is the line 
segment from z to F t (z). By simple estimation we obtain 

\H 2t (z) - 2H t (z) + z\< C\F t (z) -z\< Cti (4.5) 
for t E [0, 1] and z E K. Then we have 

\H t (z) -z\< -\H 2t (z) -z\+ Cti for t E [0, 1], z E K. (4.6) 

By iteration, we have 

n 

\H 2 -» t (z) -z\< 2- n \H t (z) -z\+ Cth~i n V 2-i 

^ (4-7) 

< 2- n \H t {z) - z\+Cth-i n 
for t G [0, 1] and z G A", n > 0. Since {2~ n t :n>0, t G [|, 1]} = [0, 1], the estimate 

l-Ht(z) -*| < Ct*, zEK, te[0,l] (4.8) 

follows. More precisely, let s = 2~ n t for n > and | < t < 1. Then ( 14. 7p can be written as 
\H s (z) — z\ < j\H t (z) — z\ + Csi. Since | Ht ^~ z | i s bounded for t G [|,1] and z G K } we have 

2 2 

l-ffg(z) — z\ < Cs + Css. This inequality holds for all s G [0, 1]. Finally, we note that s < sz for 
SG [0,1]. 

The remaining discussion is the same as the original paper. We do not repeat the argument. □ 

To prove the main theorem in this section, we need the following fact. We note that the proof 
does not depend on the semigroup property. 

Proposition 4.3. Let {(f)t}tei be a family of analytic maps on D parametrized by t G / , where I 
is an interval. We assume that the map t i-> <pt{ z ) is continuous for each z G D. Then the map 
cf) : [0, oo) x D — > D defined by <p(t, z) = <j>t{z) is continuous. 

Proof. Let Br := {z G D : |z| < i?} for i? < 1. By Cauchy's integral formula, we have 

M z ) = 7T~ / dw 

for 2; G B R and t E I. Let (i n , #„) be a sequence converging to (t,z). By Lebesgue's bounded 
convergence theorem, (pt n (z n ) — >■ </>t(z) as n — >• oo since |0t(w)| < 1. □ 

Now consider a weakly continuous E> c -convolution semigroup {(fit, ^t)}t>o with (fi , u ) = 5i). 
From the weak continuity, r] Mt and rf Vt are continuous as functions of t for each z. Moreover, rj^ (z) and 
T) Vt (z) are continuous in C([0, oo) x D) from Proposition 14.31 We take a compact disc D C D, ^ D. 
Without loss of generality we assume that D C C+. There exists a such that \j{r] fMt (D),r] Ut (D);t E 
[0, a]} C C + and then we may define log?7 Mi (z) and log T) Vt (z) for z E D, t E [0,a]. We define 
F t (z) := log^ t (e z ) and H t (z) := \ogrj^ t (e z ) and their domain E := log(D). The images H t (E) and 
F t (E) may not be included in E, but we can use the technique of Theorem 14.21 for small t and obtain 
the differentiability of H t . 

We quote the following theorem; the reader is referred to [lj. 
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Theorem 4.4. Let f : D — > {z G C : Re z > 0} 6e an analytic function. Then f can be represented 
as 

/(*)=*& + J_ n7 ^- z P( d ^ 

whereb G R anrfp is a positive finite B or el measure. Thenb = Im/(0) and p([a } /?]) = lim,,/*! ^- J^Re/(r 
/or a// continuity points a, (3 of p. 

Theorem 4.5. Let {(/it, ft)}t>o fre a weakly continuous E> c - convolution semigroup with (p ,u ) = 
(Si, Si). Then there exist analytic functions B\, B 2 : D — > C satisfying KeBi, KeB 2 < suc/i iaai 

= ^(2)^1 (^(^)), (4.9) 

^(z) = ^(s)£ 2 (^(z))- (4.10) 

Conversely, if two analytic functions Bi, B 2 : D — > C are gzi>en satisfying Re Bi,Re B 2 < 0, 
there corresponds a weakly continuous E> c - convolution semigroup {(p t ,^t)}t>o with (po,u ) = (Si,S\) 
defined by ( |^.g[ ) and ( |^.10| ). 

T/ie vector fields are written in the Herglotz-Riesz formula 

B 3 (z) = i 7j + [ ^Tj(dO, J = 1,2, (4.11) 

where jj is a real number and Tj is a positive finite measure. This formula is the analogue of the 
Levy-Khintchine formula in probability theory. 

Proof. For the second component, the claim is identical to the monotone case in [3] and we only 
explain the first component. The first component is similar. The existence of the vector fields is the 
consequence of Theorem 14.21 as explained in the above. By Proposition 14.11 n Mt satisfies 

< \vM\, 

which implies that |^ Mt (^)| is a non-increasing function of t. By the way, (14.91) implies that 

||n /lt (z)| 2 = 2|^(z)| 2 Rei? 1 (^W). (4.13) 



Indeed, fMz)| 2 = (f t vM)v^) + ^ t (z)j- t ^ t (z) = + \v^)\ 2 Bi( Vut (z)). 

Therefore, Bi needs to satisfy Re Bi < 0. 

In the converse statement, the existence of rj Ut is a consequence of the result in [3J. Therefore, we 
only needs to prove the existence of rj^. If a given vector field Bi satisfies Rei?i < 0, we can define 
Kt by 

K t (z) = zexp (J Bi(ri Us (z))d s y (4.14) 

We can prove the functional equation K t+S (z) = Kt( ^" s ^ k s (z) as follows. Let f t (z) := n t+s (z) and 
gt(z) := Kt(j,Va yj S> k s (z) for a fixed s > 0. The differential equations for ft(z) and gt(z) are 



d 



ft{z) = ft(z)B 1 ( Vut+s (z)) 
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and 



-rMz) = Kt{r) Us {z))Bx (Vv t (Vv s (z)))^T^ 
dt r) Vs (z) 

= g t (z)B 1 (rj Vt¥a (z)). 

These two equations imply that j^jf t ft{z) = ^j^5 , t( 2 )> and therefore f t (z) = g t (z). 

KeBi < implies that |«t(£)| is non-increasing, and hence, < |^o(^)| — \z\. By Proposition 

14.1^ there exists \i t G V(T) such that K t = r] m . In conclusion, (p, t , u t ) forms a c-monotone convolution 
semigroup. □ 



5 Infinitely divisible distributions 

5.1 Embedding of an infinitely divisible distribution to a convolution 
semigroup 

Infinitely divisible distributions form an important class of probability measures in probability theory. 
It is well known that an infinitely divisible distribution can be embedded into a continuous convolution 
semigroup. We establish the analogy for the multiplicative c-monotone convolution. We start from 
the definition of infinite divisibility. 

Definition 5.1. (//, v) G V(T) x V(T) is said to be O c -infinitely divisible if and only if for any 
natural number n > 2, there exists (fi n , v n ) G V(T) x V(T) such that (/i, v) = (fi n , v n ) PcTl . 

From now on u denotes the normalized Haar measure on T. 

Lemma 5.2. Let (/i, v) be \> c -infinitely divisible. 
i 1 ) l f JtC^(C) = 0, then fi = u. 
(2) If / T C<MC) = 0, then v = u. 

Proof. The fact (2) is known in [3J. First we prove the following fact. 

(*) Let A,p G V(T). We define a k (X) by r) X (z) = Y,k=i a Mz k for A G V(T). Let (A n ,p n ) := 
(X,p) Pcn . If J T Cd\(C) = 0, we have ai(A n ) = • ■ ■ = a n (A n ) = 0. 

We prove this by induction. If n = 1, the statement is trivial. We assume that this property 
holds for n = p. Then 



= v\(vA z )) 

vA z ) 



V\p{z) 



(j2 a *( X )vA z ) k x ) ^a fc (A 

k>2 k>l 



Since ai(A p ) = • • • = a p (A p ) = by assumption, the power of z in r)\ P +i(z) starts from p + 2. This 
implies that ai(A p+1 ) = • • • = a p+1 (A p+1 ) = 0. 

Let n n ,u n G V(T) {n > 2) be probability measures such that (/jl,u) := z/ n ) p>c ™. We observe 
first that = ai(/i) = ai(p„) n , which implies ai{p n ) = for any n > 2. Then we can apply the 
above fact to conclude (1). □ 

Theorem 5.3. Let fi, v G V(T) be probability measures. The following statements are equivalent. 



10 



(1) (/i, v) is E> c -infinitely divisible with /i^u,y^w. 

(2) There exists a weakly continuous E> c - convolution semigroup {(fH,vt)}t>o with (/x , vq) = (^i,^i) 
and (fix, ui) = (//, i/). 



Proof. The proof is the same as the monotone case (see Theorem 4.4 in [3]) if we use Lemma [5.21 
and we omit the proof. □ 

Remark 5.4. The convolution semigroup {(fi t ,u t )} in the statement (2) is not unique as we will 
show in Subsection 15.21 

The following properties are useful to understand the O- and E> c -convolutions. 

Proposition 5.5. Let v be a delta measure at a point in T and {v t } t >o be a [•>- convolution semigroup 
as in Theorem \5.3\ (2). Then, the associated function B 2 (z) satisfying M-lOj ) is a constant with value 
in iR. 

Proof. Let v be the delta measure 5 e i a for an a G R. By expanding r\ Vt {z) = Y^=\^nii)z n and 
-^2(2) = Y^n=i s n z7l ~ l in (I4.1UI) . we have 4oi(t) = S]bx{t). The initial condition is 61 (0) = 1, so that 
bi(t) = e Slt . Since b\ (1) = e ta , si = ia + 2mn for an integer n. In particular, s\ G iR. By the way, 
the Levy-Khintchine formula (14. lip for B 2 implies that Resi = — 72 (T). Therefore, t 2 = 0, and the 
function B 2 is a constant in iR. □ 

Remark 5.6. In connection to Remark l5.4[ B 2 {z) = ia-\-2nin (n G Z) generates the same probability 
measure S e ia at time t = 1. The translation by 2irin however does not preserve the probability 
measure at time 1 in generic cases. In the next subsection we will investigate this problem more. 

Proposition 5.7. Let {{nt,^t)}t>o be a weakly continuous E> c - convolution semigroup with (/j,q, vq) = 

(1) If B 2 = 27ri| for integers p ^ and q > which cannot be divided by a common prime 

number, then rj^z) = zexp(n + £]neNn( g N)<= r n+i ^^jf" zn ) where N = {1, 2, 3, • • • }. In particular, 
if B 2 = 27riA; /or a non-zero integer k, rj^ becomes e ri z, and the explicit density function of \i\ is the 



Poisson kernel shown in Example\5.V 



(2) IfB 2 = 0, then r]^ 



z) = ze 



Bjz) 



Proof. If B 2 = 27ri~, r]^ is expressed as 

■q^z) = zexp ( J B x {r) Va (z))ds^ = zexp ( J Bi(e 2m ~^ z)ds s j 

by (14. 9p . We expand the function Bi as Bi(z) = Y^=i r n z ' n ~ 1 an d the integral becomes 

„i 00 „i 

/ i>i(e 9 zjas = ^n+i / e 9 as. 



The integral in the RHS vanishes if and only if n can be divided by q. If n cannot be divided by q, 
the integral J* e 2m ~ ds becomes e 2 2 ^p/q 1 • 

If i?2 = 0, then we can prove the claim by the same method. □ 
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5.2 On convolution semigroups which have the same distribution at time 
one 

We denote by ID(p , T) the set of all IS) -infinitely divisible distributions and define ID{\6 , T) : = 
ID{\6 , T)\{u;}. Franz proved in [TU] that a probability measure [i G V(T) belongs to ID{}^ ,T) if 
and only if (defined by ?7^(0) at the origin) does not have a zero point in D. This condition is 
equivalent to the condition that there exists an analytic map B : D — > {z G C : Re z < 0} such that 
rj^(z) = ze B<yZ \ The above two conditions are also equivalent to the condition that /i can be embedded 
into a convolution semigroup {/Jt}t>o- The relation between B(z) and /i t is ^^(z) = ze tB( - z \ We can 
understand this relation as a special case of f)4.10p where v t are all equal to 8±. Now there is a problem 
which does not arises in the additive convolution: the function B is not unique. The non-uniqueness 
is however only due to the transformations 

Bi4B + 27rm for n6Z. (5.1) 

We consider the problem of uniqueness in the monotone and c-monotone cases. We follow the 
notation in Theorem 14.51 Let {(^t,^t)}t>o and {(Jl t ,u t )} t > be weakly continuous E> c -convolution 
semigroups satisfying vq) = (j2 ,i/ ) = (<^i,^i) and i/i) = (Ji\,vi). The vector fields for 
{{Jit, v t )}t>o is denoted by (B 1 , B 2 ). We assume that all fix, V\, Jii, V\ are different from the normalized 
Haar measure. In addition we expand the four vector fields as 



CO 



B X {Z) = Y,rnZ n ~\ B 2 (Z) = Y,SnZ n -\ 

B 1 ( Z ) = J2^ n -\ B 2 ( Z ) = ^nZ^ 1 . 



n=l n=l 

Also we expand i]^ t , rj Ut , rjji t and 77^ as 



n=l n=l if- \ 

( 5 - 3 ) 

VHt(z) = ^M*)*", V%{z) =^b n {t)z n . 

n=l n=l 

The transformations ( 15. ip do not preserve the time-one probability measure \i\ in generic cases. 
For the reader's convenience, we state the results in the two cases of monotone and c-monotone 
convolutions separately. 

Theorem 5.8. (Monotone case) (1) If ' V\ = v\ is not a delta measure, then there exists an integer 
n such that 

B 2 = (l + —-)B 2 . (5.4) 

(2) If V\ — V\ is a delta measure, then there exists an integer n such that 

B 2 = B 2 + 2nin. (5.5) 

Theorem 5.9. (C-monotone case) (1) If ' v\ =T>\ is not a delta measure, then B 2 and B 2 satisfy the 
relation (37^1). Moreover, there exists an integer m such that 

B 1 = 2mm -+(l + )B 1 . (5.6) 



Si V Si 
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(2) If V\ — V\ is a delta measure, then B 2 and B 2 satisfy the relation 115. 5\) for an n. B\ and B\ 
necessarily satisfy r\ G T\ + 2-kiL. In addition, there are several cases. 

(a) If Si G iR fl (27riQ) c , then there exists an integer m such that ( 15. 6]) holds. 

(b) We assume that s\ = 2ni- for integers p ^ and q > which cannot be divided by a common 
prime number. We moreover assume that s~i 7^ if s± G 2-niL. Then rj + \ = r J+ i for j G N fl (gN)^ 
where N = {1, 2, • • • }. There are no restrictions on rj and rj for j G gN + 1. 

If one of Si and is 0, there are three cases. 

(c) If S\ = 2-nip for a non-zero integer p and Si = ; then rj = for j > 2. There are no 
restrictions on rj for j > 2 . 

(d) If S\ — and Sx = 27rzg for a non-zero integer q, then rj = for j > 2. There are no 
restrictions on rj for j > 2 . 

(e) If s± = Si = 0, then rj = r} /or j > 2. 

It is difficult to formulate the above theorems in terms of transformations. Let us focus on the 
monotone case. In the case (1), the transformations 

B 2 ^(l + ——)B 2 (5.7) 

preserve the time one probability measure. However, ^1 + ^p^.E?2 may not map the unit disc D 

into the left half plane {z G C : Re 2; < 0}. We take the function B 2 (z) = z — a for Re a > 1 as an 
example. 

If a = 1, then B 2 (z) is equal to z — 1 whose image is tangent to the imaginary axis in the complex 
plane. If this image is rotated by however small angle, it has a nonempty intersection with the 
imaginary axis. Therefore, the image of (1 — 2nin)B 2 never be contained in the left half plane. This 
implies that there is no other function B 2 which generates the same measure at time one. 

Next let a be a sufficiently large real number. Then we can easily prove that the function 

^1 — ^p^I?2 maps © into the left half plane for some non-zero integer n. This means that the 

function B 2 is not unique for the time one measure 

To prove the two theorems, we need to express s n and r n in terms of b n {l) and a„(l). This is 
done through the following lemmata. 

Lemma 5.10. Let f n {t) '■= a n (t)e~ rit and g n (t) := b n (t)e~ Slt for n > 1. There exist polynomials 
P(h,--U,ki,-,kn)( x ) and Q(ki,-,k n )( x ) forn>\ and k h U > such that 



m _r^ fl+ E II C;)', 

l<h+-+l„-2+ki+-+k n -2<n-l, j=2 j=2 
h>0, ki>0 

(5.8) 

9n(t) = — + E II (?) Q^-^ie^) (5.9) 



n— 1 , ri— 1 



(h,-,l n ;ki,-,k n )(e Slt ) 



l<fci+---+fc n _ 2 <n-l, j=2 
k z >0 



for n > 2. The summations are understood to be for n = 2. If n = 1, f\(t) = gi{t) = 1. 
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Proof. From the coefficients of z n in the differential equations ( 14. 9 p and ( I4.10p . it holds that 
d n—i 

j t a n {t) = r 1 a n {t)+r n a 1 {t)b 1 {t) n - 1 + J2 r ™ E Kit) ■ ■ ■ h m ^{t)a km {t), (5.10) 

m=2 ki-\ hkm=n, 

k t >l 

d n—l 

-b n (t) = s 1 b n (t) + s n b 1 (t) n + J2 s m E b ki(t)---h m (t) (5.11) 

m=2 k\-\ hfcm=«- 

ki>l 

for n > 2. If n = 2, the summations are understood to be 0. 4icii{t) = Ticti(t) and = 

for n — 1. We note that initial conditions are ai(0) = 0±(O) = 1, a n (0) = o n (0) = for n > 2. In 

terms of f n (t) and <?n(i), we have 

, n— 1 

^/„(t) = rMtf- 1 + E r ™ E 6 *i(*) • ■ (*)/*»(*)> ( 5 - 12 ) 

m=2 feiH \-k m =n, 

ki>l 

d n— i 

-j^nOO = s„&i(*) n_1 + E s ™ E M*) • • • b k m -i(t)9kjt). (5.13) 

m=2 fciH hfcm=n, 

fc«>l 

Then the claim can be proved by induction. □ 

Lemma 5.11. Let a n := a n (l) and 6 n := 6 n (l). 27ien ai = e ri and b± = e Sl . We assume that 
Si £ 2-niQ. Then for n > 2, there exist polynomials Pn (x\,-- - , x n _i, yi, ■ ■ ■ , y n _i), Qn (x,y), 
Pn (xi, • • ■ , sCn-i), Qn\x) such that 

r n n-l Pn\a h ■ ■ ■ ,a n _i,&i, • • • , o„-i) , r i A \ 

— = — 777—1 -za n H 771 , (5.14) 

s n n-l Pi 2) (6i,--- ,6 n _i) 

— = 7-777737 Tzbn H 77; • (5.15) 

*i W - 1 ) Qi 2) (6i) 

Ql 1} and Q^ 2) safe/?/ iaai Q^fo y) ^ for x ^ 0, y £ T and Qi 2) (a;) ^ for x ^ T U {0} . Therefore 
Qn , (ai,&i) 7^ and Q„ (&i) 7^ under the assumption s\ ^ 27riQ. 

Proof. This claim can be proved by a simple argument of induction and by Lemma 15.101 □ 

Proof of the theorems. Since a\ = ai and 61 =61, immediately r± G ri + 27riZ and Si G sx + 27rzZ 
follow. Therefore if si G z'K, Sj. also belong to z'R. The proof of Proposition [531 claims that = Sfc = 
for k > 2. Thus we have proved Theorem 15.81 (2). We next assume that si ^ 27rzQ. //i = jui and 
v\ = v\ are equivalent to a n = a n (:= a n (l)) and b n = b n (:— b n (l)). By Lemma 15. 11\ these conditions 
are also equivalent to — = 4& and — = Q for k > 2. Therefore, there exist integers m,n such that 

s k = (l + ^fp^Sfc for fc > 1, ri = rj + 27rz'm and r k — (l + ^j^jr k for k > 2. Thus we have proved 

Theorem 15.81 (1) and Theorem 15.91 (1), (2-a). Theorem 15.91 (2-b)-(2-e) can be proved by applying 
Proposition 15.71 □ 
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5.3 Connections to the Boolean convolution 



We would like to construct E> c -convolution semigroups similarly to the additive case. First we 
define a multiplicative version of the t-transformation introduced in [5]. However, multiplicative 
Boolean infinite divisibility does not hold for all probability measures. Fortunately, we have the 
following Theorem I5.12[ so that the multiplicative t-transformation of a E>-convolution semigroup 
can be defined. We denote by LD(E>,T) the set of infinitely divisible distributions on T for the 
multiplicative monotone convolution. 

Theorem 5.12. Let (/x, v) G V(T) x V(T) be \> c -infinitely divisible. Then both /x and v belong to 
I Dip , T). In particular, we have ID(>, T) C LD(M , T). 

Proof. We may assume that fi,u ^ ui; otherwise, the claim is trivial. Let {(/it, vt)}t>o be a weakly 
continuous E> c -convolution semigroup with (/x , z/ ) = (Si, Si) and (/xi,^) = (/x, v)- By Theorem I4.5[ 
there exists a weakly continuous E> c -convolution semigroup {(^t,^t)}t>o with (/x , ^o) = (<5i,<5i) and 
(/ii, vi ) = (/!, v). Then Theorem 15.31 enables us to take two vector fields B 1 and B 2 defined in D such 
that 



Remark 5.13. It may be a nontrivial question whether the same relation holds in the c-free case. 

When /x G ID(\& , T), is written as e u ^ z \ The representation is unique if we impose the 
condition Ihixx^O) G [0, 27r), for instance (see [ID])- We always choose this branch and then we define 
H m by i] m (z) = ze tu ^ z \ If we try to define Boolean convolution semigroups, this ambiguity of the 
branches necessarily occurs. As a result, E> c -convolution semigroups cannot be simply constructed 
from 1*1 -convolution semigroups, as we see below. We remark that the relation 1*1 fi m = fi &s+t 

holds for all s,t > 0, but (/x Ms ) U< is not equal to /i Ms< for general s,t > 0. 

Definition 5.14. (1) We define a map V t : I Dip , T) JD(lsi , T) by V t (/x) ■= /x Bt for t > 0. 

(2) We define a map Q u ' v : LD(M , T) x ID{\$ , T) ->■ LD(ia , T) by 6 u ^(/i, i/) :=^ B "M i/ 8 " for u, v > 0. 

Definition 5.15. (1) Let {vt}t>o be a weakly continuous E>-convolution semigroup generated from 
a vector field B^ ■ We define {(/x[, vt)}t>o for r > by the pair of vector fields (rB%, B%). 

(2) Let ^t)}t>o and {(u t , Xt)}t>o be weakly continuous E> c -convolution semigroups generated 
respectively from (B^^B^) and (B^^B^)- We define {(/x"'", Xt)}t>o by the pair of vector fields 
(uBl' +vB"' , B2). These definitions are parallel to the additive c-monotone convolution semigroups 



The definitions of /x[ and /x"' 11 are identical to V r (/x 4 ) and Q u,v (n t) v t ), respectively, for r G N. For 
general r > 0, however, they are not. We have the following properties for small r > 0. 

Proposition 5.16. In the above notation, we have the following. 

(1) If t satisfies < ilmi^O) < 2n, we have V r [y t ) = /xl. 

(2) Ifu,v satisfy <u1mB? x (0) < 2ir and < vImB"' x (0) < 2n, we have $' v = <d u ' v (K t , u t ). 




These expressions imply that and do not have zero points. 



□ 



[12J- 
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Proof. We only prove (1) since (2) can be proved in the same way. By Theorem 15.121 we can 
write T) Vt (z) = ze Ut ^ z ' for an analytic function u t satisfying u E C w ([0, oo) x D) and u (z) = 0. The 
differential equation for r\ Vt becomes 4w t (z) = B^ze Ut ^\ Then we obtain lmu t (0) = tlmB^O). By 
definition, r]^ t (z) = ze rUt ^ and r]y r ( Vt )(z) = ze rUt ^ z \ the latter of which holds when < ilmi^O) < 
2tt. " □ 

In view of these results, the multiplicative version of t-transformation, which means the time 
evolution with respect to the Boolean convolution, does not work so well in comparison with the 
additive convolution. This problem needs to be investigated further, including the case of free and 
c-free convolutions. 

We show examples where explicit forms of probability measures can be calculated. 

Example 5.17. The relation = ^^ /i(—d9) is useful in the following calculations. More- 

over, Theorem 14.41 is also convenient. 

(1) If B 2 {z) = -a + ib = ib-a ^u(d6) (a > 0, b £ R), we have T] Ut (z) = ze^ a+bi ^ and 

1 1 — e~ 2at 
uAdO) = — ; — — —d6. 

v ; 2tt 1 + e~ 2at - 2e~ at cos(# - bt) 

This is identical to the density of the Poisson kernel. /i[ in Definition 15.151 (1) is obtained only by 
the transformations a i— )■ ra and 6 i — >■ r& since B2 is a constant. 

(2) If B 2 {z) = a(z - 1) = -a f^±f (1 - cos 6)u(d6) (a > 0), then we have r] Ut (z) = {l _ e J )z+eat and 

Vt = {l-e- at )uj + e- at 8 x . 

We can easily check that ^l^I d oes no t have a zero point. /i[ is obtained by the equation -| log 77^ (z) = 
ra(r] Ut (z) — 1) and we have 

r ] ,r( z ) = z ( z + (l- z )e at )- r - 
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